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Abstract—Moving from the theoretical promise of Fully Ho-
momorphic Encryption (FHE) to real-world applications with
realistic and acceptable time and memory figures is an on-going
challenge. After choosing an appropriate FHE scheme, and before
implementing privacy-preserving analytics, one needs an efficient
packing method that will optimize use of the ciphertext slots,
trading-off size, latency, and throughput. We propose a solution
to this challenge. We describe a method for efficiently working
with tensors (multi-dimensional arrays) in a system that imposes
tiles, i.e., fixed-size vectors. The tensors are packed into tiles and
then manipulated via operations on those tiles. We further show
a novel and concise notation for describing packing details.

Our method reinterprets the tiles as multi-dimensional arrays,
and combines them to cover enough space to hold the tensor. An
efficient summation algorithm can then sum over any dimension
of this construct. We propose a descriptive notation for the
shape of this data structure that describes both the original
tensor and how it is packed inside the tiles. Our solution can
be used to optimize the performance of various algorithms
such as consecutive matrix multiplications or neural network
inference with varying batch sizes. It can also serve to enhance
optimizations done by homomorphic encryption compilers. We
describe different applications that take advantage of this data
structure through the proposed notation, experiment to evaluate
the advantages through different applications, and share our
conclusions.

I. INTRODUCTION

Fully Homomorphic Encryption (FHE) schemes allow com-
putation over encrypted data. For example, let d be some data,
and let E(d) be the encryption of d using a fully homomorphic
encryption scheme. Given E(d) and the scheme’s public
key, it is possible to compute E(f(d)) for any function f
without knowing the decryption key, and without learning
anything about d. Thus, FHE can be highly useful for many
applications, such as outsourcing computations to an untrusted
cloud server even for sensitive, private data. In this paper we’ll
use the more general acronym HE (homomorphic encryption),
referring to both FHE and to more limited schemes. This
distinction will be mostly irrelevant to the methods we show.

In HE schemes, the atomic message that can be encrypted
is usually a vector of a fixed size that is determined by
the scheme’s configuration. For example, in the HE scheme
of CKKS [1], an important configuration parameter is the
degree n of the cyclotomic polynomial used in the algebraic
constructs underlying the scheme. In CKKS, n is a power
of 2 and each ciphertext encrypts a vector of n/2 complex

numbers. The length of this vector (i.e., the capacity of a
ciphertext) is usually referred to as the number of slots. For
example, for a typical value of n = 16384, each ciphertext
has 8192 slots.

The computation on encrypted data is performed by primi-
tive operations, most notably add and multiply. Both work in
Single Instruction Multiple Data (SIMD) fashion on all slots.
Rotate is another primitive operator that cyclically rotates the
encrypted vector by a specified offset.

Efficiently utilizing these operators is a major challenge
when performing computations under encryption. Consider
for example matrix-vector multiplication. Suppose that each
ciphertext has s slots, and we need to compute the multipli-
cation of an s by s matrix M with a vector V of size s. One
possible method is to encrypt each row of M in a separate
ciphertext, encrypt V in a ciphertext, and multiply it by all the
row ciphertexts (elementwise). Then, compute the inner sums
of each of the s resulting ciphertexts by repeated rotations
and additions. This results in s ciphertexts, each containing
one entry of the matrix multiplication result vector.

Many other techniques for matrix-vector multiplication un-
der these constraints are known in the literature [2]–[5], each
with its advantages and disadvantages. Every technique has a
different packing algorithm for arranging the data into fixed-
size vectors in preparation for encryption. Each packing algo-
rithm requires a different corresponding algorithm to perform
the computation itself, respecting the particular pattern by
which the data was packed. The results must be extracted
from the fixed-sized vectors that this computation outputs–
which themselves often have a packing arrangement that is
very different from what was initially input.

The challenge gets even harder when handling higher di-
mensional data and performing more complicated computa-
tions. For example, in neural network training or inference,
the inputs are typically three or four dimensional arrays, and
the computation involves a long sequence of matrix multi-
plications, additions, convolutions, and various elementwise
activation functions.

In this paper, we describe a novel, general purpose data
structure we term tile tensors. A tile tensor allows users to
store tensors of arbitrary shapes and sizes. The tile tensor
automatically packs the tensor data into a collection of vectors
of fixed size, as required in HE environments, using a wide
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variety of configurable options. Tile tensors also offer a set of
operators to manipulate the tensor in its packed form.

The essence of our approach is to reinterpret the fixed-size
vectors as multi-dimensional arrays, and then to combine as
many of them as needed to cover the space required to hold
the given tensor. Hence, these fixed-size multi-dimensional
arrays are used as tiles to cover a larger space. An efficient
summation algorithm is then able to sum over any dimension
of this construct, based on an improved rotate-and-sum variant.

Tile tensors, having a relatively small amount of code, can
be easily configured to efficiently implement several widely
used techniques, as well as new ones that offer better time
and space efficiency. This is done by adjusting the tile shapes
used. We demonstrate how the new techniques can achieve a
three-fold time performance boost in latency over state-of-the-
art neural network inference methods. They also offer better
flexibility in adapting to the input batch size. We further show
how tile tensors can be used to dramatically reduce the number
of bootstrapping operations in a neural network training case
study.

Tile tensors have an additional benefit: Similar to regular
tensors that are described by their shape (i.e., a vector speci-
fying the sizes of their dimensions), a tile tensor is described
by a tile tensor shape. But tile tensor shapes describe both
the shape of the tensor that is packed inside, as well as the
packing details. We propose a notation to express tile tensor
shapes. This notation is easy to read and write, and intuitive to
understand. Thus, tile tensor shapes can be used as a language
for human-to-human communication such as papers, human-
to-machine communication such as configuration files and
log messages, and machine-to-machine communication when
different components negotiate an agreed upon format.

The rest of the paper is organized as follows: Section II
describes related work. Section III describes the notation used
in the paper. Section IV introduces the concept of tile tensors
and how they are used, and Section V follows with formal
definitions. Section VI discusses the summation algorithm
underlying tile tensor operators. Section VII demonstrates the
use of tile tensors for matrix multiplication, and Section VIII
shows applications for neural networks. We summarize our
conclusions in Section IX.

II. RELATED WORK

Privacy preserving machine learning has been a long-
standing research topic, with results for decision trees [6],
[7], linear regression [8], logistic regression [9], support vector
machine (SVM) classification [10], and more. Initially most of
these works based their core technology on multi-party com-
putation (MPC). Then in 2009, Craig Gentry in his PhD thesis
[11] introduced fully homomorphic encryption (FHE). He used
a bootstrapping mechanism to reduce the accumulated noise,
and thus turned existing leveled homomorphic encryption
schemes, able to perform operations up to a bounded depth,
into fully homomorphic schemes with unbounded computation
depth. This triggered a surge in various additional HE schemes
such as the BGV [12], GSW [13], BV [14], and TFHE [15],

which performed integer arithmetic calculations on homo-
morphically encrypted data, and the CKKS scheme [1] for
calculations on real numbers (in fact, complex).

A core component of various machine learning techniques
is a mathematical library that supports tensor-operations, such
as vector and matrix multiplication. Therefore an efficient
implementation of these operators for encrypted data is key
to machine learning over FHE.

One method that attempts to speed up vector-matrix mul-
tiplications is diagonalization [5], [16]. A similar method
was used by GAZELLE [2] for interactive inference over an
encrypted network.

Another method described as ”packing across the batch
dimension”, ”packing the same dimension of multiple input
samples in the same ciphertext”, or ”SIMD representation”
can be shown to offer high throughput for non-interactive
neural network inference [17], [18] and was also used for
training [19].

Dathathri et al. [20] present a different approach for non-
interactive inference, based on a concept termed CipherTen-
sor. CipherTensors, like tile tensors, are aimed at abstracting
away the packing details of a tensor. We believe tile tensors
have several advantages over CipherTensors, and in Subsec-
tion VIII-B we compare the two in detail.

III. NOTATION

We use the term tensor as synonymous with multi-
dimensional array; this is common in AI.

We denote tensors using capital letters. A tensor R has shape
[n1, n2, . . . , nn], where ni is the size of its i’th dimension. For
example, a 5× 6 matrix M has shape [5, 6]. Throughout this
paper we sometimes refer to tensor objects by their name and
shape together, M [5, 6], and sometimes just refer to them by
name, M .

Individual elements of a tensor R are specified with round
brackets, R(j1, j2, . . . , jn), where 0 ≤ ji < ni are zero-
based indices. Zero-based indices are more convenient since
we sometimes perform mod operations on them. However,
when specifying dimensions, we use one-based indices (e.g.,
j1 is the size of the first dimension). This simplifies lists of
dimension sizes. We reiterate this statement where needed to
avoid confusion.

Tile tensors are compound objects that contain a tensor
packed within tiles; these tiles are vectors of fixed sizes (see
explanations and definitions in subsequent sections). As a
naming convention, a tile tensor containing the tensor R is
named TR.

Tile tensors also have shapes, with more complicated syn-
tax, e.g., [∗8 ,

6
16 ]. As with regular tensors, we sometimes refer

to tile tensor objects by their name and shape together, e.g.,
TR[

∗
8 ,

6
16 ].

The fraction line that appears as part of a tile tensor shape
has a special meaning, as defined in Section V. A fraction line
that does not appear as part of a tile tensor shape will have
the usual meaning of division.

The symbol ∗ plays two roles:
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• As part of a tile tensor shape it has special meaning as
defined in Section V.

• Outside a tile tensor shape it specifies elementwise mul-
tiplication between tensors or tile tensors, e.g., M ∗ R
or TM ∗ TR. We define elementwise operations in an
extended way, as explained in Subsection IV-D.

Matrix multiplication is denoted without a multiplication
symbol: the multiplication of matrix M and matrix R is
denoted MR.

Tags are used to denote different objects. For example, R,
R′, and R′′ denote different tensors. The transpose of matrix
M is denoted MT .

IV. INTRODUCTION TO TILE TENSORS

Tile tensors are versatile data structures that can store an
arbitrary tensor within a set of tiles in a variety of ways.
Their versatility and ease-of-use offer many benefits when
performing computations in an environment that enforces tiles,
e.g., HE environments.

Similar to a tensor, a tile tensor has a shape but its shape
contains more information. It describes both the shape of the
regular tensor packed inside the tile tensor and the packing
details. Tile tensor shapes make it easy to communicate
packing details, for example between researchers or between
developers and HE systems.

In this section, we introduce the tile tensor data structure
using examples and diagrams. Formal definitions are provided
in Section V.

A. Basics

Tile tensors are tensors made of tiles.
A tile is a one dimensional vector of numbers, which can

be operated on in a Single Instruction Multiple Data (SIMD)
fashion. For example, the result of adding two tiles is a tile
containing the elementwise addition of the two vectors they
contain. We assume an environment that works with tiles of a
fixed length, and supplies SIMD operations such as addition,
multiplication, and rotation.

This is exactly the case for HE cryptosystems. Although this
paper is primarily oriented towards such systems, tile tensors
can be used with any system that imposes tiles, such as GPUs.
As is common in HE systems, we use the term ’slots’ for the
individual cells of a tile. So, a tile of length 8 has 8 slots, each
of which can hold a number.

Suppose we need to perform calculations with a matrix
M [5, 6], using a system that has tiles of length 8. The manner
in which the matrix elements are packed into tiles will affect
the way we can manipulate it. One arrangement may be better
suited for one type of calculation, whereas another type of
calculation may favor a different arrangement. This is where
tile tensors come in handy, as they can easily store our matrix
in different arrangements.

Let’s start with a simple example. Let TM [5, 68 ] be a tile
tensor that contains M . Its tile tensor shape [5, 68 ], which can
also be written [5, 6/8], is a generalization of a tensor shape
with a richer syntax and semantics. It neatly describes both

the shape of the tensor packed within and the details of the
packing arrangements.

The shape [5, 68 ] indicates that our matrix is stored with
each row in its own separate tile, as shown in Figure 1a. The
6/8 part indicates that the tile size is 8, while only 6 slots
of each each tile are filled with data and the rest are zero.
Since the tile size is specified in the second dimension, moving
inside the tile means moving along the second dimension of
M , whereas moving along M ’s first dimension means moving
between tiles.

The tile tensor TM can be created using a pack operation
that receives the tensor to be packed and the desired tile tensor
shape: TM = pack(M, [5, 68 ]). The tile tensor shape is stored
as part of TM . Later, TM can be unpacked to retrieve the
original tensor: M = unpack(TM ). We sometimes describe
this relationship as M being stored in TM or M being the
original tensor of TM , or we may simply say that TM contains
M .

Figure 1b depicts a different way to pack M into a tile
tensor: T ′M = pack(M, [ 58 , 6]). Here each column is placed in
a separate tile.

Figure 1c shows yet another way to pack M : T ′′M =
pack(M, [ 52 ,

6
4 ]). We explain first how it’s packed and then

how to read the tile tensor shape. Here the tiles are themselves
matrices of shape [2, 4], and we combined as many of them
as needed to cover a space large enough to accommodate
our matrix. As usual, unused slots are set to zero. Recall
that we assumed our tiles are one dimensional vectors of
length 8. However, when used inside tile tensors, they can
be reinterpreted as tensors of a specified shape, which in our
case is [2, 4]. Usually, we require this reinterpretation to have
the same total number of slots, although we will mention some
exceptions to this rule.

All this information can be read off the tile tensor shape
[ 52 ,

6
4 ] as follows. The numbers above the fraction line define

the original tensor’s shape, [5, 6]. The numbers below the
fraction line define the shape of the tile, [2, 4]. The order is
important: the shape specifies that the tile size along the first
dimension is 2, and 4 along the second dimension.

The 6 tiles in Figure 1c themselves form a two dimensional
array of size 3 × 2. We call this the external tensor. It is a
tensor where each element is a tile. The external tensor’s shape
is easily deduced from the tile tensor shape as having d 52e = 3
rows and d 64e = 2 columns.

Generally, any tensor can be packed into a tile tensor with
tiles of any size, interpreted as tensors of arbitrary shape.
E.g., say we have tiles of size 1024, and we need to pack
a tensor A[50, 20, 255]. We can pack A for example into the
tile tensor TA[ 5016 ,

20
2 ,

255
32 ]. This means we interpret our tiles

as cubes of shape [16, 2, 32]. These cubes are combined in an
external tensor of shape [4, 10, 8], creating a three-dimensional
structure large enough to accommodate A.

Revisiting the first example, TM [5, 68 ], it can also be written
as TM [ 51 ,

6
8 ]. A tile dimension of size 1 may be omitted, hence

the original shorter version. Viewed this way, even the original
matrix M [5, 6] can be viewed as a tile tensor M [ 51 ,

6
1 ], using
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(a) M [5, 6] packed inside TM [5, 6/8]

(b) M [5, 6] packed inside T ′M [5/8, 6]

(c) M [5, 6] packed inside T ′′M [5/2, 6/4]

Fig. 1: M [5, 6] packed into three different tile tensors with
different tile tensor shapes. The rectangles represent the tiles.
For each tile tensor we show how M ’s elements are placed
inside the tiles.

tiles of size [1, 1]. Consequently, we regard tile tensors as a
generalization of tensors.

B. Replication

For our next example we show various ways to pack a
one dimensional vector V [5]. The low dimensionality will
simplify the diagrams, but everything is applicable to tensors
of arbitrary shape.

An obvious way to pack V using tiles of size 8 is TV =
pack(V, [ 58 ]); this takes a single tile and places the whole
vector inside. TV is shown in Figure 2a.

Another alternative is to first reshape V [5] into a matrix
V [5, 1], and then pack it with 2-dimensional tiles. Choos-
ing again tiles of shape [2, 4], we can pack V as T ′V =
pack(V, [ 52 ,

1
4 ]), as shown in Figure 2b.

(a) V [5] packed inside TV [5/8]

(b) V [5, 1] packed inside T ′V [5/2, 1/4]

(c) V [5, 1] packed inside T ′′V [5/2, ∗/4]

(d) V [5, 1] packed inside T ′′′V [5/2, ∗3/4]

Fig. 2: V [5] packed into different tile tensors. The rectangles
represents the tiles. For each tile tensor, we show how V ’s
elements are placed inside the tiles.

Yet another way to pack V uses a new bit of notation:
T ′′V = pack(V, [ 52 ,

∗
4 ]). The ∗ indicates that this dimension in

the original tensor V is 1. However, instead of occupying just
one slot in the tile, it is replicated in all 4 slots, as shown in
Figure 2c. Packing with replication is useful, as explained in
Section VII.

We can further denote in the tile tensor shape that we only
partially replicate the values along the tile dimension. For
example, the tile tensor T ′′′V = pack(V, [ 52 ,

∗3
8 ]) has the values

replicated only in 3 slots out of the available 4 along this
dimension. This is illustrated in Figure 2d.

C. Unknown Values

When tensors are packed into tile tensors, unused slots are
filled with zeroes, as shown in Figures 1 and 2.

However, after tile tensors are manipulated, the unused slots
might get filled with arbitrary values, as explained in the next
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subsection. Although these unused slots are ignored when the
tile tensor is unpacked, the presence of arbitrary values in them
can still impact additional manipulation. To reflect this state,
the tile tensor shape syntax has an additional symbol ?, used
as described below.

Returning to the example V [5], let’s say it is stored in the
tile tensor TV [ 52 ,

1?
4 ]. The shape [ 52 ,

1?
4 ] is similar to the shape

[ 52 ,
1
4 ] that was depicted in 2b, except the 1?

4 part indicates
that here the unused slots along the second tile dimension are
filled with unknown values, as shown in Figure 3. As usual,
unused slots are ignored when unpacking the tile tensor, thus
V = unpack(TV ).

D. Operators

Tile tensors are meant to be manipulated via a set of
operators similar to the ones used to manipulate tensors. In
fact, there is a homomorphism between operations on the tile
tensors and the corresponding operations on the tensors they
contain.

Consider an elementwise operator such as addition. The
tile tensors TA and TB can be added together if they have
equal shapes. (We’ll soon relax this requirement.) The ho-
momorphism property means that the result is a tile tensor
containing the addition of the two original tensors, such that
unpack(TA + TB) = unpack(TA) + unpack(TB).

Elementwise operators are implemented by executing the
operators on corresponding tiles. Thus, tile tensors support
the same set of elementwise operators that the tiles support.
In HE environments, these include addition and multiplication,
and some unary operators such as negate and conjugate. These
operators work with yet another homomorphism between the
tile ciphertexts and the plaintexts they represent.

Applying binary elementwise operators on two tensors
usually requires strict equality between their shapes. It will
be useful for us to relax this requirement a little. Say, for
example, we compute M [5, 4]+V [1, 4]. Strictly speaking, the
shapes mismatch. However, whenever a dimension’s size of
one tensor is the degenerate size 1, we’ll allow the other
tensor’s size along this dimension to be of any size, and
interpret the operation as if the smaller tensor is replicated.
More specifically, in M [5, 4] + V [1, 4] the vector V will be
added to each row of M , as shown in Figure 4.

Fig. 3: V [5, 1] stored in TM [5/2, 1?/4]. Unused space along
the second dimension has unknown values, marked as cells
containing ?.

Similarly, tile tensors can be added together if their shapes
are compatible, but not necessarily identical. To be compatible,
the two tile tensor shapes must have the same number of
dimensions, and for each i the i’th dimension specification in
each shape must be compatible. Two dimension specifications
are compatible if the tile sizes (below the fraction line) are
equal, and the sizes of the original tensors along this dimension
(above the fraction line) are either equal, or one of them is
fully replicated. For example, TM [ 188 ,

4
16 ] can be added with

TV [
∗
8 ,

4
16 ].

Another operator commonly used with tensors is summa-
tion. The operator sum(A, i) sums over the i’s dimension
of A. E.g., for M [5, 4], summing all the rows together is
R = sum(M, 1), resulting in R[1, 4]. Recall that for di-
mension indices we use one-based indices; hence, sum(M, 1)
indicates summing over the first dimension. After summation,
its size is reduced to 1.

Tile tensors can also be efficiently summed. Summing
over a tile tensor is defined to be homomorphic to sum-
ming the tensor it contains, thus unpack(sum(TA, i)) =
sum(unpack(TA), i). For regular tensors, the operator
sum(A, i) reduces the i’th dimension size to 1. For tile
tensors, the operator sum(TA, i) has a similar effect, which
follows simple rules we refer to as the summation rules.

We assume TA’s shape along the i’th dimension is spec-
ified as ni

ti
. Summation changes the shape according to the

following rules:

• If ti = 1, then the resulting shape along the i’th
dimension is 1

1 , or simply 1.
• If i is the lowest non-trivial tile dimension (i.e., the

smallest i such that ti > 1), the resulting shape along
the i’th dimension is ∗ti .

• Otherwise, the resulting shape along the i’th dimension
is 1?

ti
.

If before summation the dimension was ni?
ti

, then after
summation it will always be 1?

ti
.

The reason for these rules lies in the way tile tensors are
summed, as described in Subsection VI-B and in Appendix A.

As an example, let TA be a tile tensor with the shape
[4, 38 ,

5
16 ]. Table I depicts the resulting shape after summing

over each of the three dimensions.

Fig. 4: Interpretation of the elementwise operation: M [5, 4]+
V [1, 4] operation. V is first replicated to reach the appropriate
shape [5, 4] and then the addition is performed. This effectively
adds V to every row of M .

5



TABLE I: Summation rules example. The resulting shape after
summing over any of the three dimensions of TA[4, 38 ,

5
16 ].

Operator Resulting shape
sum(TA, 1) [1, 3

8
, 5
16

]

sum(TA, 2) [4, ∗
8
, 5
16

]

sum(TA, 3) [4, 3
8
, 1?
16

]

E. Benefits of Tile Tensor Shape Notation

We carefully chose the syntax of tile tensor shapes to be
intuitive and readable. After getting used to it, one can work
with tile tensors without the aid of diagrams and without trying
to figure out how the tensor data is laid out inside the tiles.
Instead, both the elementwise operators and the summation
operator have syntactic rules that allow putting tile tensors to
use with complicated tasks. In Subsection VII-A, for example,
we demonstrate this point for matrix multiplication.

Tile tensor shapes can also be used as a language for com-
municating information about packing details. These shapes
can be used by researchers when describing their packing
methods in papers and reports. For example, a known packing
method sometimes referred to as stacked vector [4], and
sometimes as input packing [2], can be concisely and pre-
cisely described with a tile tensor shape, replacing lengthy
descriptions and additional terminology. The same as true for
other known packing methods as well (see Subsection VII-B).

In addition, tile tensor shapes can be used for human-
machine communication between developers and HE plat-
forms. The tile tensor shape syntax was chosen to contain
only ordinary symbols, easily typed in standard keyboards and
easily displayed on simple consoles. This allows developers
to specify the desired shapes to the system and then track
how they change in log file printouts. If an error occurs, it
allows the system to produce a clear error message explaining
what went wrong. Thus, tile tensor shapes can play the
same role that regular tensor shapes have in systems such as
TensorFlow [21].

Tile tensor shapes can also be used for machine-machine
communication. For example, HE components can negotiate
agreed-upon tile tensor shapes when communicating among
themselves.

Finally, tile tensor shapes can be used by HE compilers
such as [18], [20]. These compilers transform a computation
specification in some high-level format to a detailed HE
execution plan and optimize various parameter choices. The
Chet compiler [20] already uses a data structure similar to
tile tensors, called CipherTensor. As explained in Subsec-
tion VIII-B, we believe tile tensors are more powerful, and
their shapes offer an easy way for compilers to scan a wide
variety of layout options.

V. TILE TENSORS DEFINITION

In this section we formally define the concept of tile tensors.

We start in the first subsection with a simple definition,
without replication or unknown values. Subsequent subsec-
tions extend it with these two additional features.

Formal definitions of how operators act on tile tensors are
given in Appendix A.

A. Basic Definition

A tile tensor TA[n1

t1
, n2

t2
, . . . nk

tk
] is a data structure that holds

the values of a tensor of shape [n1, n2, . . . , nk] packed into
tiles.

Each tile can hold a vector of length s =
∏

i ti. We refer
to its cells as slots. We usually assume each tile has exactly
s slots. A tile tensor can also be constructed with a relaxed
assumption using tiles with more than s slots, offering reduced
functionality as explained in Subsection VI-B.

The tiles are arranged in a multi-dimensional array we refer
to as the external tensor, denoted by et(TA). The shape of
et(TA) is [e1, e2, . . . , ek], where ei = dni

ti
e. Each element in

this tensor is a tile. We denote by et(TA)(l1, l2, . . . , lk) the
tile at indices (l1, l2, . . . , lk), and et(TA)(l1, l2, . . . , lk)(h) is
the slot at index h within this tile.

While being flat, we interpret a tile as a tensor of
shape [t1, t2, . . . , tk] by mapping the tensor elements to the
flat vector in a row-major order. The tensor indices of
(m1,m2, . . . ,mk) will be mapped to the vector element
h =

∑
imi

∏k
x=i+1 tx. The inverse mapping is: mi =

bh/
∏k

x=i+1 txc mod ti.
A specific slot in the tile tensor can be identified by the

tile indices (l1, l2, . . . , lk), and its index h within the tile. We
further associate each slot with a set of indices (j1, j2, . . . , jk);
we call these its logical indices. We reinterpret each tile
as a tensor of shape [t1, t2, . . . , tk] and weld them together
in a grid of size [e1, e2, . . . , ek], forming one big tensor of
shape [t1e1, t2e2, . . . , tkek]. The indices of a slot in this tensor
are its logical indices. Formally, the slot at index h of tile
(l1, l2, . . . , lk) has logical indices (j1, j2, . . . , jk) defined as
follows:

ji = liti + bh/
k∏

x=i+1

txc mod ti (1)

Let A be a tensor of shape [n1, n2, . . . , nk]. We say that TA
contains A if the elements of A are mapped to slots according
to their logical indices. Formally, if a slot has logical indices
(j1, j2, . . . , jk) such that ∀iji < ni, then this slot contains the
value A(j1, j2, . . . , jk). Otherwise, it is an unused slot and it
contains 0.

For brevity, whenever ti = 1, it can be omitted from the
shape definition. For example, [ 21 ,

5
8 ] can be written [2, 58 ].

The operator pack(A, [n1

t1
, n2

t2
, . . . nk

tk
]) is used to denote the

construction of a tile tensor according to the definition above,
and unpack(TA) the reconstruction of the original tensor A
from the tile tensor.

In a tile tensor shape notation, the fraction line can be
equivalently replaced with a slash /.
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B. Replication

The symbol ∗ within a tile tensor shape denotes replication
as follows.

A tile tensor [n1∗d1

t1
, n1∗d2

t2
, . . . , nk∗dk

tk
], such that ∀i(di =

1∨ni = 1)∧ di ≤ ti, is a data structure holding the values of
a tensor of shape [n1, n2, . . . , nk] packed into tiles.

The definition is the same as before, except for the follow-
ing.

The shape of the external tensor is now [e1, e2, . . . , ek],
where ei = dnidi

ti
e.

Let A be a tensor of shape [n1, n2, . . . , nk]. We say that
TA contains A if the following holds: If a slot has logical
indices (j1, j2, . . . , jk) such that ∀iji < nidi, then this slot
contains the value A(j1 mod n1, j2 mod n2, . . . , jk mod nk).
Otherwise, it is an unused slot and it contains 0.

Note that we required ∀i(di = 1 ∨ ni = 1). If di = 1 then
the i’th dimension behaves just as in the previous subsection.
If di > 1 and ni = 1 then the operator mod ni simply reduces
the index to 0, causing this value to be replicated di times. The
replication could also work for ni > 1, but this can also be
achieved by adding another dimension and replicating along it.
Thus, for simplicity, we require that any replicated dimension
has ni = 1.

We further required ∀idi ≤ ti. Replicating values more
times than the tile size can usually be replaced with logical
replication, hence we restricted physical replication to tile size.
Replicating values within a single tile can be useful, as will be
evident when we discuss matrix multiplication in Section VII.

If a dimension is replicated, di > 1 and ni = 1, then for
brevity, ni can be omitted in the shape definition e.g., [ 1∗34 , 58 ]
can be written [∗34 ,

5
8 ]. If we replicate across the entire tile

size, di = ti, then di can be omitted as well e.g., [ 1∗44 , 58 ]
can be written simply [∗4 ,

5
8 ]. In the degenerate case where

di = 1, both the value of di and the ∗ symbol can be omitted
altogether, returning to the basic definition from the previous
subsection.

C. Unknown Values in Unused Slots

We now further extend the tile tensor shape with an ad-
ditional annotation of ? in dimension i, to indicate that the
unused space along this dimension is not necessarily filled
with zeroes.

A tile tensor TA[
n1∗d1I1(?)

t1
, n1∗d2I2(?)

t2
, . . . , nk∗dkIk(?)

tk
],

such that Ii(?) is either ? or empty, is a data structure holding
the values of a tensor of shape [n1, n2, . . . , nk] packed into
tiles.

The definition is the same as before, except for the follow-
ing. Say a slot has logical indices (j1, j2, . . . , jk). As before,
it is an unused slot if ∃iji ≥ nidi. If ∃iji ≥ nidi ∧ Ii(?) =?,
then it contains an unknown value; otherwise, it contains 0 as
usual. I.e., it contains an unknown value if its logical indices
exceed the size of the used range along a dimension annotated
with ?.

10 sum_tile_a(L,n):
20 e=1
30 S=L
40 for j=numBits(n)-2 downto 0
50 S=S+rot(S,e)
60 e=e*2
70 if (bit(n,j)==1) then
80 S=L+rot(S,1)
90 e=e+1
100 return S

(a) Sum the first n elements of L, adapted from left-to-right repeated
squaring

10 sum_tile_b(L,n):
20 e=1
30 X=L
40 Y=null
50 while true
60 if (n mod 2==1) then
70 if (Y==null) then
80 Y=X
90 else
100 Y=X+rot(Y,e)
110 n=(n-1)/2
120 else
130 n=n/2
140 if (n==0) then
150 return Y
160 X=X+rot(X,e)
170 e=e*2

(b) Sum the first n elements of L, adapted from right-to-left repeated
squaring.

Fig. 5: Pseudocode of two rotate-and-sum algorithms adapted
from the evaluation of powers algorithms. numBits(n) de-
notes the number of bits in the integer expansion of n, and
bit(n, j) the j’th bit in this expansion.

VI. SUMMATION ALGORITHMS

The ability to sum over a tile tensor depends primarily on
the ability to sum over a tile. As usual, we focus on HE
environments in which summing requires rotations.

We start with summing over a flat tile and demonstrate
an improved algorithm for this purpose. Next, we extend the
algorithm for a tile interpreted as a multi-dimensional tensor.

A rather simple further extension to summing over a tile
tensor is deferred to Appendix A. The time performance of
this algorithm depends on the tile tensor shape, which will
later allow us to perform optimizations.

A. Summation Over a Single Flat Tile

In HE environments, a known technique for summing
involves repeated rotations and additions, as described in [5]
and shown here in Figure 5a.

7



When summing n elements where n is a power of 2, the
algorithm collapses to a simpler algorithm. This is because the
”if” condition in line 70 is always false. In this subsection, we
discuss the optimality of this algorithm when n is not a power
of 2. This may arise in situations where the tile size is not a
power of 2, or we need to sum only the first n elements of
the tile with n that is not a power of 2.

We show here a simple reduction between this problem and
the problem of efficient evaluation of powers. The immediate
benefit of this reduction is a new algorithm for summing over
a tile that uses rotations by offsets that are powers of 2, which
in some environments is more efficient. Additional benefits are
some further insights regarding optimality.

Let L be a tile of length s. Let L(j) be its element at index
j for 0 ≤ j < s. For convenience, we define a notation for
cyclic indices, L{j} = L(j mod s).

We use two basic operations: rotate left L′ = rot(L, i),
where L′ is a vector of length s such that L′{j} = L{j + i},
and elementwise addition.

Let Lx denote a vector of length s such that Lx{j} =∑j+x−1
i=j L{i}. Note that Lx(0) contains the sum of the first

x elements of L. Note further that Ls is a vector where each
of its elements is equal to sum(L), hence it contains the result
replicated in all slots.

To compute Lx for any x, we define an operator Lx
⊗
Ly =

Lx + rot(Ly, x). It’s easy to show that Lx
⊗
Ly = Lx+y:

Let L′ = Lx
⊗
Ly . Thus, L′{j} = Lx{j} + Ly{j +

x} =
∑j+x−1

i=j L{i}+
∑j+x+y−1

i=j+x L{i} =
∑j+x+y−1

i=j L{i} =
Lx+y .

Now the problem of summing the first x elements of L can
be reduced to efficiently computing Lx using the operator

⊗
,

obeying the law of exponents Lx
⊗
Ly = Lx+y . This allows

using algorithms for efficient evaluation of powers [22], [23].
Adapting the left-to-right repeated squaring algorithm to our

operators results in the algorithm shown in Figure 5a, which is
the same as shown in [5]. The second algorithm in Figure 5b is
a novel variant adapted from the right-to-left repeated squaring
algorithm.

In Figure 5a the rotation offset e can take any value, whereas
in Figure 5b it can only be a power of 2 (e only changes
by doubling in line 170). This is advantageous in some HE
systems since support for efficient rotations is usually prepared
for selected offsets, and powers of 2 is a reasonable general
purpose choice, as is done in some major HE libraries.

Table II shows some performance measures. The technical
details of these runs are given in Appendix F. Each tile has
4096 slots. We filled these slots with 1190 random numbers,
and the rest with zeroes. The number 1190 was chosen because
it is a non-power of 2 with about half of its bits set to 1.
We compared three summation methods. Two of them are
the two variants of Figure 5. The third sums over the first
2048 elements, in which both variants collapse to a much
simpler algorithm as mentioned above. This third variant is
only applicable when unused slots are zeroes. We measured
time performance, number of rotations executed, and the mean
square error (MSE) of noise in the result (the noise is due to

using the CKKS scheme). The results are the mean of 10, 000
repetitions.

TABLE II: Comparison of rotate-and-sum algorithms for sum-
ming 1190 out of 4096 elements. The first two algorithms are
depicted in Figure 5, and executed with n = 1190. The third
is either algorithm with n = 2048.

Algorithm Time (ms) Noise (MSE) Rotations
Left-to-right 151 2.5e-13 14
Right-to-left 74 3.8e-13 14
Sum over 2048 58 3.4e-13 11

Table II shows that the right-to-left variant we propose is
about twice as fast as the left-to-right version, though a bit
more noisy. The simple summation over the closest power
of 2 is the fastest of the three, and not the least noisy. As
mentioned above, it is not always applicable.

The reduction to power evaluation also shows that neither
the left-to-right nor the right-to-left algorithms are generally
optimal in the number of rotations. However, achieving an
optimal number of rotations generally is complicated, and
probably not worthwhile since the rotation offsets also have a
large impact on performance, as shown in Table II.

B. Summation Over a Multi-dimensional Tile

Let T [t1, t2, . . . , tk] be a tensor mapped into a flat
tile L[s] in row-major order, i.e., T (j1, j2, . . . , jk) =
L(

∑
i ji

∏k
x=i+1 tx). Thus, moving along the i’th dimension

of T means moving in strides of d =
∏n

x=i+1 tx inside the
flat tile L. We also assume

∏
x tx = s.

To sum over the i’th dimension, we can therefore apply the
summation algorithms of the previous subsection, by replacing
the rotation rot(L, x) with rot(L, xd), but with a subtle
difference. A rot(L, xd) operation moves each element x steps
backwards along the i’th dimension. If it falls off the lower
end, it doesn’t rotate back to the other end, but actually its
index of the previous dimension i − 1 is decreased. There-
fore, rot(L, xd) is equivalent to an operator shift(L, i, x)
that shifts elements x steps down along the i’th dimension,
introducing unknown values at the vacant slots.

The algorithms in Subsection VI-A can still be applied but
with one exception. Previously we observed that summing over
the entire size of the tile results in an outcome that is replicated
in all slots. This observation doesn’t hold when we replace
rotate with shift.

For the special case of the first dimension i = 1, however,
rot(L, xd) does serve as full rotation along the first dimension,
since there is no previous dimension. Hence, for this case, the
result will still be replicated.

This is the underlying root cause for the summation rules of
Subsection IV-D. Note further that if

∏
x tx < s, replication

will not occur. Since replication after summation of the first
dimension is a useful property, the general tile tensor definition
requires

∏
x tx = s.
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VII. MATRIX-VECTOR MULTIPLICATION

Let’s assume we have two tensors: a matrix M of shape
[a, b] and a vector V of shape [b]. We would like to compute
their product R[a] =M [a, b]V [b]. We now describe a general
method of performing this using tile tensors.

Our new approach has several benefits. First, it captures four
different known techniques for matrix vector multiplication
in HE settings as special cases. These four techniques were
previously described separately, and a completely different
code was required to implement them. Using tile tensors we
can implement all of them in a short piece of code and switch
between them with easy parameter settings.

Second, the general case offers new and more efficient
techniques for some common use cases, e.g., a series of
consecutive matrix-vector multiplications.

Finally, the new formulation extends naturally to matrix-
matrix multiplication.

A. Matrix-vector Multiplication General Formulas
Let TM [ at1 ,

b
t2
] and TV [

1
t1
, b
t2
] be tile tensors that contain

M and V respectively, for some chosen tile shape [t1, t2].
The result can be computed using the following formula:

TR[
a

t1
,
1?

t2
] = sum(TM [

a

t1
,
b

t2
] ∗ TV [

∗
t1
,
b

t2
], 2). (2)

This formula works for any value of a, b, t1, t2. To see why,
note first that the shapes of TM and TV allow elementwise
multiplication as explained in Subsection IV-D. Using the
homomorphism of both elementwise operators and the sum-
mation operator, we can conclude that the result TR contains
a tensor R satisfying:

R[a, 1] = sum(M [a, b] ∗ V [1, b], 2). (3)

According to our extended definition of elementwise oper-
ators, V is multiplied elementwise with each row of M . We
then sum over the second dimension. Thus, R(i) is the inner
product between the i’th row of M and V , as required.

A second general approach is to initially transpose M , as
follows: Let T ′M [ b

t1
, a
t2
] and T ′V [

b
t1
, 1
t2
] be tile tensors that

contain MT and V respectively. Formula 4 shows how to
multiply them.

TR[
∗
t1
,
a

t2
] = sum(TM [

b

t1
,
a

t2
] ∗ TV [

b

t1
,
∗
t2
], 2). (4)

This computes the correct result using the same reasoning
as before.

The benefit of this second approach, is that the result
TR[

∗
t1
, a
t2
] is replicated along the first dimension due to the

summation rules of Subsection IV-D. Thus, it is ready to play
the role of V in Formula 2, and we can perform two matrix-
vector multiplications consecutively without any processing in
between.

Figure 6 shows a short Python function that implements
both Formulas 2 and 4. All it assumes is that TM and TV are
already correctly packed according to either formula, and the
dimension to sum over is specified accordingly.

def matVecMult(T_M,T_V,sumDim):
res = T_M.elementwiseMult(T_V)
res.sum(sumDim)
return res

Fig. 6: Pseudo-code for matrix multiplication using tile ten-
sors. We first multiply the two input tile tensors T M and T V
elementwise, then sum over the specified dimension sumDim.

B. Known Special Cases

Specifying specific values for t1 and t2 in Formula 2, we
can obtain three different known methods for matrix-vector
multiplication in HE settings. A fourth known method is
obtained with a small further generalization of Formula 2.

The first known method is referred to as matrix in row
order [5], or the naı̈ve approach [2]. In this approach each
row of M is stored in a separate tile, and V is stored in a tile.
This method is obtained by simply setting t1 = 1 and t2 = s
in the general case of Formula 2, where s is the total length
of the tile.

A second method termed matrix in column order [5] or
output packing [2] packs the matrix with each column in a
separate tile. Here, of course, we can simply set t1 = s and
t2 = 1 in the general case of Formula 2.

Although the second method seems a trivial modification of
the first method, each method was previously described as a
different algorithm. In the first method, V ’s tile is multiplied
with all tiles of M , and each tile is summed using rotate-and-
sum. In the second method, V is stored in multiple tiles and
each is multiplied with one of M ’s tiles. The results are then
added together to produce just one tile. Using tile tensors, the
same code snippet shown in Figure 6 covers both methods. The
different behaviors described above emerge automatically from
the definitions of elementwise multiplication and summation
operators. Tile tensors can also easily handle the case where
the matrix rows or columns exceed the tile sizes. This is an
issue that would previously complicate each algorithm in a
different way.

A third method is termed input packing [2] or stacked-vector
- row major [4]. This method assumes b << s, allowing us to
pack multiple rows of the matrix in a single tile, as many as
can fit. Similarly, we replicate V the same number of times
in a tile. After multiplication, the computation proceeds by
summing inside the tile using rotate-and-sum, such that each
replicate of V is summed separately.

Using tile tensors, this method is described as follows. We
set t2 = b in Formula 2, forcing t1 = b sbc. This may violate
the requirement we usually demand that t1t2 = s. However,
tile tensors can still operate without it just as well, except
results after summation will never be replicated.

A better way though, would be to use Formula 4, i.e.,
transpose M prior to packing. We’ll keep the requirement
t1t2 = s. E.g., we can require that t1 be the smallest integer
that divides s and satisfies t1 ≥ b. M is now packed in column-
major order, with the addition of padding after each column
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to make sure strides along the row divide s, and the vector V
is packed with each element replicated consecutively several
times. The benefit of this somewhat counter-intuitive approach
is that as mentioned previously, the output of Formula 4 is
ready to act as input for Formula 2. Hence, we can perform
a second matrix-vector multiplication without processing in
between.

A fourth method is usually described in the context of
non-interactive neural network training or inference [17]–
[19], where multiple matrices and vectors are processed in
a batch. This too is a special case of our formulation, and
is in fact obtainable by feeding the function in Figure 6
with appropriately packed inputs. A discussion of this fourth
method appears in the Section VIII.

C. Advantages of the General Case

In the previous subsection we demonstrated how to capture
four known techniques in a simple unified formulation. We
also shared new insights on the input-packing (or vector
stacking) method, and offered an improved version. In this
subsection, we show that tile tensors offer new and some-
times better ways to pack matrices and handle matrix-vector
multiplication.

Say our tile size is s = 1024, and our matrix is M [768, 768].
All of the methods described above pack M in tiles with
at least one quarter of the slots unused, thus wasting both
memory and time during the computation. Specifically, the
input-packing method has no inherent mechanism for packing
multiple rows together when two rows can’t fit within a single
tile. Using tile tensors, we can pack M to TM [ 7684 , 768256 ], which
uses all the slots of each tile, while still supporting efficient
elementwise multiplication and summation. Note that each tile
in TM contains one third of 4 different rows of M ; this is a
packing unlike any of the ones described above.

Now say we are required to perform a series of
consecutive matrix vector multiplications. I.e., given ma-
trices M1,M2, . . . ,Mk and V , we need to compute
(Mk . . . (M2(M1V ))). The shapes of the matrices are not
necessarily the same, but are valid with respect to the rules of
matrix multiplication.

One way to do it is to use the simple row-order and column-
order methods described above in an alternating fashion.
Matrices with even indices will be stored in row-order and the
odd ones in column-order. Thus, the output of each stage will
fit as input to the next stage. But if some of these matrices are
smaller than the tile size, this will be highly wasteful. Using
input-packing won’t work, since matrices that have different
dimensions will each require a different arrangement of data
within the tiles, requiring costly processing of the output of
one matrix to fit the next.

Using tile tensors, we can choose some tile size [t1, t2], and
pack all matrices consistently with it. We alternate the use of
Formula 2 and 4, since the output of the latter is fit as input
to the former.

For the opposite direction, some processing is required,
but this can be done efficiently. The output of Formula 2 is

TR[
a
t1
, 1?t2 ]. We first multiply it by a mask to clean the unknown

values, resulting in TR[ at1 ,
1
t2
]. Then, we replicate the second

dimension, resulting in TR[ at1 ,
∗
t2
], which is ready as input for

Formula 4. The operator for performing this replication is not
explicitly described in this paper, but it is very similar to the
summation operator, performing the replication using similar
rotate-and-sum technique.

We demonstrate the efficiency of this method in Sec-
tion VIII, where we use it for neural network inference.

D. Extension to Matrix-Matrix Multiplication

Let’s say we would like to multiply two matrices: M1[a, b]
and M2[b, c]. Using tile tensors, this can be done as follows:

TR[
a

t1
,
1?

t2
,
c

t3
] = sum(TM1

[
a

t1
,
b

t2
,
∗
t3
] ∗ TM2

[
∗
t1
,
b

t2
,
c

t3
], 2).

(5)
Correctness follows in the same way as for the matrix-vector

case: Formula 5 homomorphically computes the following
formula.

R[a, 1, c] = sum(M1[a, b, 1] ∗M2[1, b, c], 2). (6)

,
Where M1[a, b, 1] and M2[1, b, c] indicate trivial reshaping

of M1[a, b] and M2[b, c]. It’s easy to verify that Formula 6
indeed matches matrix-matrix multiplication.

As before, we can transpose M1 first to achieve a different
formula, whose output can be used as input to the former one:

TR[
∗
t1
,
a

t2
,
c

t3
] = sum(TM1

[
b

t1
,
a

t2
,
∗
t3
] ∗ TM2

[
b

t1
,
∗
t2
,
c

t3
], 1).

(7)
The code in Figure 6 still works for this case as well,

assuming the two inputs were properly packed.

E. Diagonalization Techniques

Some known techniques for matrix multiplication involve
diagonalization, i.e., building a new matrix containing in some
way diagonals from the original one [3], [5]. While being
highly useful in some settings, they are usually inefficient in
long non-interactive computation under encryption. See a short
discussion in Appendix E.

VIII. NON-INTERACTIVE INFERENCE AND TRAINING OF
NEURAL NETWORKS UNDER ENCRYPTION

In this section we show how tile tensors can improve both
inference and the training of neural networks under encryption,
especially when working in non-interactive mode.

In interactive mode, the client who has the decryption key is
involved in the process and reducing communication overhead
plays an important part in the optimization. For example, in
the interactive inference algorithm proposed by Juvekar et
al. [2] they opted to use diagonalization techniques for matrix
multiplication, to reduce the size of the inputs and outputs.
During the interaction, the client can repack the data in the
manner suitable for the next step of the computation.
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In non-interactive mode, a series of consecutive operations
are performed under encryption. There’s a simple packing
technique that is often used in such a setting; it is usually
described as ”packing across the batch dimension”, ”packing
the same dimension of multiple input samples in the same
ciphertext”, or ”SIMD representation” [4], [17]–[19]. In this
paper we refer to it as batch-packing.

The batch-packing method is yet another special case of the
versatile range of tile tensors. It can be eloquently described
using tile tensor shapes as follows. Let B[x, n] be a batch of
n input samples, each a vector of shape [x]. In batch-packing,
it is packed into a tile tensor as TB [x, ns ], using tiles with s
slots. To enable running this batch through the network, the
network parameters must be stored replicated across all slots.
I.e., if W [a, b] is a weight matrix of one of the network layers,
it is packed as TW [a, b, ∗s ].

Using batch-packing computation can be done simply and
efficiently in SIMD (Single Instruction Multiple Data) fashion
on all slots, usually with minimum or no rotation operations.
Batch-packing is also stable in the sense that it remains the
same throughout the computation. I.e., if a batch-packing of
a matrix M is multiplied by a batch-packing of a vector V ,
the result is a batch-packing of the result R. Hence, there’s
usually no overhead for preparing the output of one step to be
correctly packed for the next.

However, batch-packing has some disadvantages for both
inference and training, as explained in the following subsec-
tions.

A. Inference

Batch-packing for inference can reach a very high, pos-
sibly maximal, throughput [18]. However, this throughput is
achieved when the batch size equals the number of slots,
n = s. If the inference server is measured for latency on
a single sample n = 1, or for batches much smaller than the
number of slots n << s, batch-packing is highly inefficient.

Also, when using batch-packing the network parameters are
replicated s times. For large values of s, they can burden the
machine’s memory or may not fit in memory at all, requiring
expensive disk I/O instead.

Finally, to avoid bootstrapping operations for inference on a
deep neural network, the HE system should be configured for
a multiplication depth that is high enough to support all the
layers. In schemes commonly used in AI, such as CKKS [1],
this entails high values of s, e.g., 8192 or 16384. This makes
the above two problems more acute.

To solve these problems using our general technique
for matrix multiplication, we further extend it using three-
dimensional tiles; the third dimension is used for the batch di-
mension. E.g., a batch of n inputs vectors V [a, n] we packed as
TV [

a
t1
, ∗t2 ,

n
t3
], and a matrix W [a, b] representing the weights

of a fully connected layer we packed as TW [ at1 ,
b
t2
, ∗t3 ]. They

can be multiplied by sum(TW ∗ TV , 1).
Our method captures batch-packing as a special case by

setting t3 = s and t1 = t2 = 1. It still allows us the

freedom to chose many other settings, which will be useful
as demonstrated by the results below.

For our experiments’ benchmarks we chose the CryptoNets
network [17], described in Appendix B-A. The network was
trained for classifying the MNIST dataset [24] and reaches an
accuracy of 98.95%.

This network starts with a convolutional layer followed by
two fully connected layers. When using batch-packing, we
computed the convolution in the usual manner. But when
we chose t3 < s, we reduced computing the convolution to
matrix-matrix multiplication by preprocessing the input as fol-
lows: for each filter F of the convolutional layer we identified
all possible window locations on the input image. We extracted
each such window, flattened it into a row, and created a matrix
M1 with all these rows. A second matrix M2 was populated
with the corresponding flattened filter for each row. Computing
M1M

T
2 ends up with computing the convolution. We assumed

M1 was created on the client side prior to encryption. Thus,
for the case t3 < s, we ended up with 3 consecutive matrix
multiplications, which we performed using our alternating
scheme described in Subsection VII-C.

Our experiments use CKKS, configured for 8192 slots. The
technical details are given in Appendix F. Since the input batch
is packed as TV [ at1 ,

∗
t2
, n
t3
], it is most efficient when the batch

size n equals t3. This prevents unused slots, and minimizes
latency. Thus our experiments assume n = t3. For each t3 =
1, 2, 4, . . . , 8192 we tested all possible alternatives for t1 and
t2. All the results are the average of 10 runs.

In Table III we show some of the results for t3 = 1. The
most efficient tile size is [32, 256, 1], which is globally the
most efficient in terms of latency. The tile shapes [1, 8192, 1]
and [8192, 1, 1] are equivalent to using matrix in column order
and matrix in row order methods.

TABLE III: Time performance using different tile dimensions
with t3 = 1 and batch size n = 1, for inference time over the
CryptoNets network. Latency and throughput measure the time
performance of the inference calculation. The enc/dec column
reports the client-side time spent on encryption and decryption.
The memory column shows the server side’s memory usage.

Tile shape Latency
(sec)

Throughput
(samples/min)

Enc/Dec
(sec)

Memory
(GB)

[1, 8192, 1] 2.62 22.9 0.12 1.66
[8, 1024, 1] 1.03 58.5 0.05 0.84
[32, 256, 1] 0.71 84.5 0.05 0.81
[64, 128, 1] 0.87 69.0 0.08 0.84
[128, 64, 1] 0.94 63.6 0.09 1.03
[256, 32, 1] 1.53 39.2 0.15 1.37
[1024, 8, 1] 5.59 10.7 0.45 3.13
[8192, 1, 1] 37.2 1.6 2.56 15.46

In Table IV we show some of the results for t3 =
1, 16, 64, 256, 1024, 4096, 8192 and batch size n = t3. For
each value of t3 we show the optimal value of t1, t2. This
demonstrates how latency degrades and throughput increases
as t3 grows. For t3 = 8192 we get the ordinary batch-
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packing, and therefore switched to the usual way of computing
convolution, which reduces some overhead in input packing.

TABLE IV: Time performance using different tile dimensions.
For t3 = 1, 4, 16, 64, 256, 1024, 4096, 8192, the optimal choice
for t1 and t2 is shown. We set batch size n = t3. Latency
and throughput measure the time performance of the inference
calculation. The enc/dec column reports the client-side time
spent on encryption and decryption. The memory column
shows the server side’s memory usage.

Tile shape Latency
(sec)

Throughput
(samples/min)

Enc/Dec
(sec)

Memory
(GB)

[32, 256, 1] 0.71 84.5 0.05 0.81
[16, 128, 4] 0.86 278.4 0.09 1.18
[8, 64, 16] 1.29 741.9 0.27 2.38
[4, 32, 64] 2.75 1399.9 0.78 6.39
[1, 32, 256] 5.45 2811.1 2.31 16.62
[1, 8, 1024] 16.42 3741.6 8.93 62.54
[1, 2, 4096] 60.32 4073.79 18.33 246.99
[1, 1, 8192] 111.71 4399.8 2.7 361.85

Our results demonstrate several advantages when using tile
tensors. First, they offer a knob, namely t3, allowing us to
adapt to batch size or to control the trade off between through-
put and latency. In addition, t3 can be used for controlling
memory usage. Recall that all this is done without any code
changes.

Second, the latency of 0.71 seconds is to our knowledge the
lowest latency reported for an MNIST neural network classifier
under encryption that achieves close to 99% accuracy - see
a more detailed comparison in the next subsection. This is
achievable thanks to our ability to optimize t1 and t2 once the
value of t3 was set. It is also possible thanks to the alternating
scheme of Subsection VII-C, which reduces latency further by
eliminating the processing required after the first layer.

B. Comparison with Advanced Neural Network Inference
Techniques

The disadvantages of batch-packing was noticed and ad-
dressed in previous works as well [4], [20], [25]. An exact
performance comparison under equal conditions is difficult due
to various constraints, but in this subsection we offer an in-
depth comparison, aimed at pointing out the advantages of tile
tensors for neural network inference.

The LoLa network [4] performs predictions on the same
CryptoNets architecture (among others), using a mixture
of known matrix-vector multiplication methods (described
in Subsection VII-B). Switching between different methods
within a single inference computation requires a processing
stage between layers, resulting in extra additions and rotations.
They achieve a latency of 2.2 seconds using 8 threads. Our
lowest latency is 0.71 seconds using 20 threads; reducing to 8
threads changes this result slightly to 0.72. The LoLa network
uses 150 ciphertext-ciphertext multiplications, 279 rotations,
and 399 additions for a single prediction. (We deduced these
numbers from LoLa’s detailed description.) Our approach
requires 32 multiplications, 89 rotations, and 113 additions.

This roughly three-fold reduction matches the observed latency
results. The reduction is due to the advantages of tile tensors,
as described in the previous subsection. Using tile tensors has
many more advantages over a specific tailored computation,
as they allow us to easily switch between different methods,
adapt to different batch sizes, simplify logging and debugging,
and more.

Another advanced tool, the Chet compiler [20], performs
inference of encrypted data in a non-encrypted network. For
this easier problem, they report 2.5 seconds latency on a
similarly sized, though less accurate, MNIST neural network
classifier using 16 threads. This result was later improved by
the EVA [25] compiler to 0.6 seconds using 56 threads and
various optimizations unrelated to packing, of a kind outside
the scope of this paper. Our best result on the more accurate
CryptoNets architecture, when the network is not encrypted,
reduces to 0.55 seconds using 16 threads. Our best latency
result relies heavily on rotations of the data flowing through
the network, thus inference on a non-encrypted network is only
slightly better than when it is encrypted.

A direct comparison with EVA is difficult here because
of multiple optimizations in EVA beyond the scope of this
work (e.g., eliminating rescale operations so as to reduce the
overall prime chain length) and the different architecture with
multiple convolution layers, (for which tile tensor support will
be added soon). However, regarding the packing techniques,
we can argue for the usual benefits of tile tensors.

Both EVA and the Chet compiler use a data structure
termed CipherTensor. Like tile tensors, CipherTensor abstracts
away the packing details using some user-defined meta data.
However, we believe tile tensors have several advantages. EVA
and the Chet compiler also optimize the CipherTensor’s meta-
data given a specific computation. As per our understanding,
this optimization is restricted to a small set of implemented
layouts, whereas tile tensors shapes offer a wider variety of
options. Moreover, CipherTensors don’t have the summation
algorithm that can result with replication, hence replication
is needed before each layer. Using the tile tensor summation
algorithm, it can be skipped for every other layer. Finally, it
wasn’t demonstrated that CipherTensors offer an easy method
to trade latency for throughput, and control memory con-
sumption, as demonstrated for tile tensors in the previous
subsection.

C. Training

Our goals in this subsection are more modest. We will
not show a fully working non-interactive training system,
but will point to a new type of reasoning that leads to a
drastic reduction in the number of bootstrapping operations.
Tile tensors play an important role in this optimization.

A previous attempt to train neural networks non-
interactively under encryption by Nandakumar et al. [19] used
the BGV scheme in HElib [5], where bootstrapping operations
are done automatically whenever needed. As mentioned above,
they used batch-packing.
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We will use CKKS instead of BGV. Other than natively
handling real numbers (in fact, complex), it has another trait
interesting for our purposes: it allows tracking the state of
a ciphertext in the modulus chain through a property called
chain-index. Once the chain-index reaches 0, the ciphertext
needs to be bootstrapped before additional operations are
performed. This allows us to lay out a plan for the entire
computation that will minimize the number of bootstrapping
operations.

Bootstrapping is currently not implemented for CKKS in
any of the major libraries, however a known method ex-
ists [26], and we expect it will be implemented soon. Thus, we
conducted experiments in which we implemented bootstrap-
ping by simply decrypting and re-encrypting the ciphertext,
but counting the times this operation was required.

For our case study, we used a network based on the one
described as CNN-static by Yoon Kim [27] designed for
classifying newsgroup texts. It was identified as interesting
by a customer requiring training under encryption.

We first adapted it to be HE friendly. Its adapted architecture
is detailed in Appendix B-B; it contains a convolutional layer
with square activation, mean-pooling, dropout, and a fully
connected layer. Using Euclidean loss and stochastic gradient
descent, we trained it under encryption on a subset of 6 news
groups from the original dataset.

Batch-packing seems especially well-suited for training a
neural network under encryption. The training process is
complicated and circular: the output gradients of one iteration
are added to the network weights, which are then used as an
input in the next iteration. The stability property of batch-
packing therefore greatly simplifies the implementation using
HE.

However, our implementation using batch-packing resulted
in 1286 bootstrapping operations required per iteration. Since a
single bootstrapping operation is likely to cost a few seconds at
least, this number renders training under encryption unfeasible.
As mentioned above, the number of bootstrapping operations
can be reduced by carefully planning the chain indices at every
step of the computation. However, it can be shown that using
pure batch-packing for this architecture entails a lower bound
of 1088 operations, still an unfeasible count. Proof of this
claim appears in Appendix C.

For this reason, we switched to using tile tensors. We
manually crafted a plan where we designated a specific tile
tensor shape for each component in this computation. The
details of this plan are in Appendix D.

Our new method turned out to have several disadvantages
over batch-packing: it was slower and more noisy. The ad-
ditional noise required us to change the HE configuration
to allow more precision and higher multiplication depth (4
instead of 3). However, it drastically reduced the number
of bootstrapping operations per iteration, from 1286 to 14,
making the entire computation feasible.

The improvement in bootstrapping count stems from a more
efficient representation of the filter weights, whereas using
batch-packing they are replicated multiple times. This allows

bootstrapping the filters instead of the convolution output,
reducing their overall count.

Our hand-crafted plan exploits the properties of tile tensors.
The versatility and wide range of packing options allowed us
to implement each part of the network with a different shape.
The data flowing throw it continuously shape-shifts as well.

Table V shows the results for the batch-packing method ver-
sus our new specific method we label ”tile tensors”. Technical
details of the runs are in Appendix F.

TABLE V: Performance results of training with batch-packing
vs. our new handcrafted method specific for tile tensor shapes.

Performance measure Batch-packing Tile tensors
Runtime per iteration

(excluding bootstrapping) 135 seconds 633 seconds

Bootstrapping operations count 1286 14
Noise after 10 iterations 0.000008 0.00024

IX. CONCLUSIONS

We presented tile tensors, an efficient data structure for
working with tensors in a system that imposes tiles.

We demonstrated improved latency for neural network in-
ference under encryption using a new technique for matrix
multiplication, and some automated optimizations. For neural
network training, we managed to dramatically reduce the
number of bootstrapping operations using a handcrafted plan.
We believe that an automated optimizer can use tile tensor
shapes to find an even better plan.

Tile tensor shapes can further be used as a new language
for describing packing details.
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APPENDIX A
TILE TENSOR OPERATORS

Tile tensor can support a wide variety of operators. In this
paper we focus on elementwise operators, and a summation
operator. We show that both can be implemented efficiently,
and together they make tile tensors a powerful tool.

Both are defined homomorphically, i.e., applying them on
a tile tensor is equivalent to applying them on the tensor it
contains. Hence we’ll start this section with a definition of
these operators on regular tensors.

A. Operators on regular tensors

We’ll start with defining elementwise operators on regular
tensors in an extended way. For notation simplicity and
w.l.o.g., we’ll use the addition operator.

Let the shapes of the tensors A and A′ be [n1, n2, . . . , nk]
and [n′1, n

′
2, . . . , n

′
k] respectively. We’ll say that their shapes

are compatible if ni = n′i ∨ ni = 1∨ n′i = 1. We’ll define the
result of the elementwise operation to be equivalent to first
replicating the mismatching dimensions of A and A′ and then
executing the elementwise operation.

Formally, the result of A + A′ is a tensor A′′ of
shape [m1,m2, . . . ,mk] such that mi = max(ni, n

′
i), and

A′′(j1, j2, . . . , jk) = A(j1 mod n1, j2 mod n2, . . . , jk mod
nk) +A′(j1 mod n′1, j2 mod n′2, . . . , jk mod n′k).

The summation operator is defined as follows. Let A be a
tensor of shape [n1, n2, . . . , nk]. We’ll denote by sum(A, i)
the result of summing of A along dimension i. Let’s look
at the result for i = 1 for example (recall our dimension
indices are one-based, hence i = 1 is the first dimension.
For element indices however we use zero-based indices). The
result, A′ = sum(A, 1), is a tensor of shape [1, n2, . . . , nk],
such that A′(0, j2, . . . , jk) =

∑n1−1
j1=0 A(j1, j2, . . . , jk). Sim-

ilarly, summing over any dimension 1 ≤ i ≤ k reduces the
corresponding dimension size to 1.
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B. Elementwise operators on tile tensors

Again, for notation simplicity and w.l.o.g., we’ll use the
addition operator.

Let TA and T ′A be two tile tensors with shapes in the general
form [n1∗d1

t1
, n2∗d2

t2
, . . . , nk∗dk

tk
] and [

n′
1∗d

′
1

t′1
,
n′
2∗d

′
2

t′2
, . . . ,

n′
k∗d

′
k

t′k
]

respectively. We assume for simplicity no dimension is anno-
tated by the unknown ? marking.

The result of addition: T ′′A = TA + T ′A is defined as
follows. The external tensor of T ′′A is computed by an el-
ementwise operator on the external tensors of TA and T ′A,
i.e., et(T ′′A) = et(TA) + et(T ′A). We treat here the external
tensors as a tensor of tiles, i.e., the operator is ultimately
applied on corresponding tiles. According to the definition in
Subsection A-A, some dimensions may be logically replicated.

The above computation is well defined whenever et(TA)
and et(T ′A) have compatible shapes in the sense of Sub-
section A-A, but to achieve the homomorphic property,
unpack(TA + T ′A) = unpack(TA) + unpack(T ′A), additional
constraints are required. The following conditions are suffi-
cient to guarantee both compatibility of the external tensors
and the homomorphism:
• ti = t′i, and
• ni = n′i ∨ (ni = 1 ∧ di = ti) ∨ (n′i = 1 ∧ d′i = t′i)

In words, the tile dimensions must match exactly. Also, the
dimensions of the tensors packed inside must either match or
one of them is fully replicated.

The result tile tensor has the shape:
[
n′′
1 ∗d

′′
1 I1(?)
t1

,
n′′
2 ∗d

′′
2 I2(?)
t2

, . . . ,
n′′
k∗d

′′
k Ik(?)
tk

], where:
• n′′i = max(ni, n

′
i)

• d′′i = min(di, d
′
i)

• Ii(?) =? if nidi 6= n′id
′
i, and empty otherwise.

If any of the input dimensions is annotated with ?, then
so will the corresponding output dimension. For the multi-
plication operator, since multiplying by zero is zero, some
further deduction can be made that reduce the number of ?
annotations, which we omit here.

C. Summing over a tile tensor

We’ll now show how to efficiently compute sum(TA, i)
for any tile tensor TA and any dimension i, while main-
taining the homomorphic property, unpack(sum(TA, i)) =
sum(unpack(TA), i).

The computation starts by summing over the external tensor
et(TA). I.e., we reduce the size of et(TA) along the i’th
dimension to 1 by summing the tiles together. Then we
sum along the i’th dimension of each tile, as explained in
Subsection VI-B.

If a dimension of TA is annotated with ?, then the last
tiles along this dimension, those that contain the unused
unknown slots, should be handled separately. We execute the
summation on all other tiles, then sum inside these last tiles,
and add them to the rest. When summing inside the tiles that
contain unknown values, we’ll sum over just the known values,
an operation that is generally more expensive, and prevents
replication from occurring. Thus in the summation rules of

subsection IV-D summing over a dimension annotated with ?
always ends up with ? in the result.

The complexity of summing a tile tensor
of shape [n1

t1
, n2

t2
, . . . , nk

tk
] over dimension j is

O(
∏

idni/tie+ log(tj)
∏

i6=jdni/tie) addition operations, and
O(log(tj)

∏
i 6=jdni/tie) rotations. Replication and unknowns

do not change this complexity.

APPENDIX B
NEURAL NETWORKS ARCHITECTURE

A. Cryptonets

Architecture defined in [17] with activation function
Act(x) = x2.

1) Conv: [Input: 28 × 28, 5 filters of size 5 × 5, stride=2,
output: 845]+Act..

2) FC: [Input: 845, Output: 100]+Act.
3) FC: [Input: 100, Output: 10].

B. HE friendly CNN-static

This network is based on the one described as CNN-
static by Yoon Kim [27], that was also implemented by
the Kaggle community1. The network was trained with the
accompanying dataset from the CMU Text Learning Group
Data Archives [28].

For our case study we simplified it to be smaller and more
HE friendly, while reaching similar accuracy on a subset of 6
news groups from the original dataset. The simplified network
is described in figure 7.

The input is 20 × 50 matrix representing an embedded
sentence. It has one convolutional layer with one filter group
of 32 filters of size 3× 50, producing output of size 18× 32,
and another filter group of 32 filters of size 5× 50, producing
output of size 16 × 32, both followed by square activation.
A mean pooling layer reduces both outputs to 1 × 32, then
concatenated to 1× 64. This is followed by a dropout layer, a
fully connected layer with output size of 6. The loss function
is Euclidean.

1https://www.kaggle.com/au1206/text-classification-using-cnn

Fig. 7: An HE friendly version of the CNN-Static network.
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APPENDIX C
BOOTSTRAPPING OPTIMALITY RESULT

In this appendix we’ll show how to compute a lower bound
on the number of bootstrapping operations for training the
case study network described in Appendix B-B, assuming pure
batch-packing.

Let TF [3, 50, ∗s ] be the tile tensor containing a single filter
of size 3×50 of the convolutional layer. Let TX [20, 50, ns ] be
its input, and let TO[18, 1, ∗s ] be the result of the convolution
of TX and TF , all using batch-packing.

During the back-propagation stage, the convolutional layer
receives as input from the subsequent square activation layer
the gradient of TO, which we’ll denote by TGO

[18, 1, ns ]. From
this we’ll derive the gradient of TF , which we’ll denote as
TGF

[3, 50, ∗s ].
Let C(TGF

), C(TGO
), C(TO), C(TF ) be the corresponding

chain indices of each of the tile tensors (i.e., the chain indices
of the cipher text tiles they are made of. We assume it kept
consistent for all tiles in a tile tensor). TGF

is computed from
a multiplication involving TGO

, hence C(TGF
) < C(TGO

).
Similarly, TGO

is computed from a multiplication involving
TO, and TO from a multiplication involving TF , hence without
bootstrapping intervention we get: C(TGF

) < C(TGO
) <

C(TO) < C(TF ).
Finally we execute TF += αTGF

after each iteration (α
is the learning rate. This multiplication by a constant can
be avoided by various ways). Thus without bootstrapping
C(TF ) will drop by 3 points every iteration. Therefore we
can conclude that if our configuration offers a multiplication
depth of d, then we will have to bootstrap one of TGF

, TGO
,

TO, TF an amortized count of 3/d times.
The smallest of these in number of ciphertexts are either TO

or TGO
having only 18 ciphertexts each, whereas the other two

have 150 ciphertexts. Thus we can conclude an amortized cost
of at least 54/d ciphertexts per filter of size 3×50 per iteration.
For filter of size 5 × 50 a similar computation yields 48/d,
and therefore if 32 such filters of each groups are used and
d = 3, this amounts to at least 1088 bootstrapping operations
amortized per iteration. For d = 4 this amounts to at least 816
bootstrapping operations.

APPENDIX D
HANDCRAFTED PLAN FOR TRAINING A CONVOLUTIONAL

NETWORK USING TILE TENSORS

In this appendix we’ll show a handcrafted plan for training
the convolutional network described in Appendix B-B, using
tile tensors.

A filter of size 3× 50 was first flattened to a single vector
of length 150. Thus the entire group of 32 filters of this size
are stored in tensor F1[32, 150]. The input batch B[20, 50, n]
was preprocessed to B1[18, 150, n], such that B[i, 150, j] are
the elements of sample j that correspond to the filter when
placed over row i of the input matrix. Similarly filters of size
5× 50 were flattened and stored in a tensor F2[32, 250], and
the same batch B was preprocessed to B2[16, 150, n].

For batch size of n = 255, tables VI and VII depict the
tile tensor shapes used. The plan uses a reshaping operator
(for generating TQ, which is straightforward but not specified
in this paper. The improvement in bootstrapping counts stems
from the compact representation of the filters, TF1

and TF2
,

allowing to bootstrap them instead of the larger convolution
output. Using batch-packing, the filters are too large to be
bootstrapped, so the convolution output must be bootstrapped.

TABLE VI: Tile tensor packing for different network parts.

Network part Tile tensor
Filter group 1 TF1 [1,

32
32

, 150
256

]

Filter group 1 biases TG1
[1, 32

32
, ∗
256

]

Filter group 2 TF2
[1, 32

32
, 250
256

]

Filter group 2 biases TG2 [1,
32
32

, ∗
256

]

Fully connected weights TW [6, 64
32

, ∗
256

]

Fully connected biases TX [6, ∗
32

, ∗
256

]

TABLE VII: Tile tensor packing for input, labels, and inter-
mediate values. The gradients have the same shape as the tile
tensors they are the gradient of.

Network part Tile tensor
B1 TB1 [18,

∗
32

, 150
256

, 255]

B2 TB2
[16, ∗

32
, 250
256

, 255]

Convolution output 1 TO1
[18, 32

32
, 1?
256

, 255]

Convolution output 2 TO2
[16, 32

32
, 1?
256

, 255]

After mean pooling 1 TP1
[1, 32

32
, 1?
256

, 255]

After mean pooling 2 TP2
[1, 32

32
, 1?
256

, 255]

After concatenate and reshape TQ[1, 64
32

, 255
256

]

After fully connected TR[6, ∗
32

, 255
256

]

Labels TL[6,
∗
32

, ∗
256

]

APPENDIX E
DIAGONALIZATION TECHNIQUES

Some known techniques for matrix multiplication involve
diagonalization, i.e., building a new matrix containing in some
way diagonals from the original one [3], [5].

These methods are highly useful in some settings. While
tile tensors can’t help with the diagonalization computation,
they can still be used to pack the diagonalized matrix.

However, we argue that diagonalization techniques are in-
efficient for settings where long non-interactive computations
are performed under encryption, e.g., non-interactive neural
network inference or training.

The method of Jiang et al. [3] requires two extra mul-
tiplications by a constant to prepare the diagonalized ma-
trices. This increases the multiplication depth which is the
most costly resource in non-interactive computations under
HE. Configuring an HE system for a larger multiplication
depth dramatically reduces the computational efficiency of all
operations, or alternatively, expensive bootstrapping operations
will be incurred.
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The method of [5] has an advantage that its input and output
are both minimal in size, but it requires O(s) rotations of
the input vector of size s, in contrast to O(log(s)) rotations
required when using tile tensors. In [2] a variant of this diago-
nalization method was used in the context of interactive neural
network inference to reduce communication overhead. In a
non-interactive settings there’s no communication during the
computation, hence communication overhead is less important,
whereas the cost of the O(s) repeated rotations far exceeds the
cost of the multiplication operation itself.

APPENDIX F
EXPERIMENT RESULTS SPECIFICATIONS

All experiments results reported in this paper use the same
machine, an Intel(R) Xeon(R) CPU E5-2620 v3 @ 2.40GHz
machine with 24 CPUs and 384GB memory. We used the
CKKS implementation in SEAL [29].

Summation algorithms experiment was done with poly-
degree 8192 and modulus chain {50, 40, 40, 50}, single thread.

In the neural network inference experiment, we
used poly-degree 16384. The modulus chain was
{45, 35, 35, 35, 35, 35, 45} when t3 = s, and for t3 < s
the modulus chain was {45, 35, 35, 35, 35, 35, 45}, allowing
for a multiplication depth larger by 1, needed for replicating
the results after layer 2 as is required by our alternating
scheme. We used 20 threads. All results are the average of
10 runs.

In the neural network training experiment, for batch-
packing we used poly-degree 8192, and modulus chain
{49,40,40,40,49}. For the tile tensor handcrafted method, to
accommodate large depth and greater noise we used poly-
degree 16384, and modulus chain {59,50,50,50,50,59}. We
used 24 threads.
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